Philosophy of Mathematics, Mathematics Education and Philosophy of Mathematics Education
Zheng Yuxin (Y. Zheng) Department of Philosophy Nanling University. China (P. R. C.) As a philosopher of mathematics. I have been thinking about, or rather, worried about the follow ing qu esti on: is there any important rel ation ship between the philosophy of mathematics and actual mathematical activities (including mathematical research, teaching and learning)? Or, does the philosophy of mathematics have any import ant infl uen ce on act ua l mathematical activities? I think the answeris 'yes'; and I have also tried to do some things in this direction by working in the field of methodology of While the advancement of hum an society, is the most importan t exter na l impetu s, it is the theoretical studies of mathematics education durin g the past decad e which have laid the necessary foundation for the new reform movement. mathematics (cf. Y. Zheng, 1985 mathematics (cf. Y. Zheng, , 1991a mathematics (cf. Y. Zheng, , 1991b . But it is only a personal opinion and has limited influence, so when I came to the USA as a visiting scholar in 1991, this problem was still deeply rooted in my mind. However, what I have learnt in the field of mathematics education in the USA is really a great pleasure for me, as it doe s show clearly that there is a close relationship between the philosophy of mathematics, mathematics education and mathematics as well: it is modem research in the philosophy of mathematics whic h offers the necessary ideological foundation for the new reform movemen t of mathematics education in the USA, and then, in this way, the philosophy of mathematics can exert a great influence on the future of mathematics,
The first and second parts of this paper will use the modem development of mathematics education in the USA as a background to make an analysis of 32 the great infl uence of the philosophy o f mathemati cs on mathema tics education. The third section discu sses the problem of how to develop the subject 'p hilosophy of mathematics education , which in fact can be regarded as an impetus from mathematic s education to the further development of philosophy of mathematics and philosophy in general.
New Developme n ts of Mathematics Education
Mathematics ed ucation in the USA is now undergoing a new refo rm movement, to which Eyerybody CouOls, published by the National Research Council in 1990, gives the following description: "Over the next cwo decades, the nation's schools, colleges, and universities will undergo major transitions in mathematics programs-s-transitions that will involvefundamental changes in curricular content, in modes of instru ction, in teacher education, in profe ssional dev elopment , in methods of assessment, and in public attitudes," (p.87) While the advancement of human society, i.e. the transition from the industrial age to the infonnation age, is the most important external impetus, it is the theoretical studies of mathematics education during the past decade which have laid the nece ssary foundation for the new reform movement. In this sec tion, we ma ke a brief survey of the ncw theoretical studies. They are chiefly: the emphasis on probl em so lvi ng , the psychology of mat hema tical learn ing, and the social-cultural approach to mathematics education.
(1). The emphasis on problem solvin g ' Problem So lving' was the main slogan for mathem atics ed ucat ion during the eighties. "Problem so lvi ng must be the focus of school mathematics" (NCTM, 1980, p. 2) ; and by 'problem solving'. it means ' to use a variety of mathematical knowledge and methods effectively to solve nonroutine problems. including both actual problems and those originated from mathematics itself.
Putting forward the idea of focusing on problem solving is a giant step for mathematics education. because the idea represents a great shift in the conception of mathematics education, i.e., the idea itself is a direct negation of the traditional conception of mathematics education, especially, the teaching method based on 'transmission of information' and the trend of 'separating learning from application'. To explicate, the key points of 'focusing on problem solving' are as follows: First. students should learn mathematics by the activities of solving problems. That is, "'knowing' mathematics is ' doing' mathematics ....instruction should persistently emphasize 'doing' rather than 'knowing that' ... (NCfM, 1989, p. 7) Second. by solving problems, especially those having actual meaning. students can learn to value mathematics, and become more confiden t in their ow n mathematical abili ty. Third, the final aim of mathematics education should be to improve students' ability of problem solving, especiall y help them leam to think mathematically.
Generally speaking, the idea that problem solving must be the focus of school mathematics is now widely accep ted; and as this idea is directl y opposit e to the traditi on al conception of mathematics education, it is said that ' solvin g nonroutine problems is the central theme of the current reform movement in school mathematics.' (T. Romberg, 1991, p. 9) (2). The emphasis on th e psychology of mathematical learning
The study of the psychology of mathematical learning is itself a result of the further development of psychology : it has been beyond the level of general study and penetrated into special fields. Furthermo re , where modern studies of the psychology of mathematics learning are concerned, we should pay more attention to the cognitive science approach to mathematics education and "the constructivist view of mathematics learning".
To explicate. the basic position of cognitive psychology is that the study of psychology should not (as behaviorists suggest) be limited to 'vi sible HMN Journal #9 behavior' but penetrate into the inner infonnation processing of the mind, including the storage. retriev al , representati on , development of knowledge and so on. Al so.the so-called ' constructivist view' can be regarded as a main conclusion of cog nitive psychology: as far as mathematics learning is concerned. it asserts that the learning of math ematics is not a passive reception but a process of construction based on previous experience and knowledge.
If the idea " focusing on problem-solving" is a dire ct negation of the traditional concept of mathematics education, then the cognitive studies of mathematics learning, especially the constructivist view of mathematics learning. have offered further arguments for this fundamental transition from the microscopic view. And just for we should take as a background the whole culture of human society in the study of mathematics education. This is to say, mathematics education should represent clearly the features of the time. Davis, C. Maher and N . Noddings / 99/, p. / 87) (3). The soclat-cultural approach to mathematics education
The first implication of the social-cultural study of mathematics is that we should take as a background the whole culture of human society in the study of mathematic s education . This is to sa y. mathematics education should represent clearly the features of the time. In fact, it is exactly the most important feature of the new reform movement of mathem atics edu cation in the USA : it is the transiti on from the industri al soc iety to the informati on society which offers the most important impetus to the movement, and the final aim of the movement is to create the kind of mathematics education that not only meets the need of the time but also uses fully the new technology; in a word. we should crea te the mathematics education of the information age.
Secondl y. the social-cult ural approach to mathematics ed ucation has also made clear the social nature of mathematics learning and teaching. Although the con stru cti on o f mat he mati cs knowl edge should be carried out rel ati vely independently by all individuals, such activities are canied on in some 'social environment', and must include th e proce sse s of ex pre ss ing , communicating, comparing, criticizing, improving and so on, so that it is in fac t a ' social construction ' . Besides, the social nature of mathematics teaching can be seen clearly by the fact First, every mathematics teacher is (consciously or unconsciously) doing his work under the influence of some conception of mathematics and mathematics education, and the latter are in fact manifestations of the social nature of mathematics education.
that the role played by teachers is ju st the ' Intermed iate ' between the whole system of education and the objects of education. In other words, teachers' duty is to carry out the overall aim of mathematics education in facing the concrete students and the co ncrete situation of teaching in general.
Finally, one more important implication of the social-cultural approach to mathematics education is the imp ortance of conception both to mathematics teaching and learning: First, every math emati cs teach er i s (co nsc io us ly or unconsciously) doing his work under the influence 34 of some conception of ma thematics and mathematics education, and the latter are in fact manifestations of the social nature of mathematics education. Secondly, as far as students are concerned. the importance of conception lies in the fact that mathematics learning is a process in which not only mathematical knowledge is constructed but also some conception, belief and attitude of mathematics are formed, and the latter in tum will exert great influence on the learners' further study of mathematics and even for their whole life (as a pan of their whole ideology). For exam ple, it is just by such consideration that Curriculum and Evaluation Standards for School Mathe mat ics , which is one of the most important documents shaping the new reform movement, lists ' learning to value mathematics' and 'becoming confident of one's own ability' as the fir st two goals for mathematics education.(pp. [5] [6] Obvio usly, if the psychology of mathematics learning is the study on the microscopic level, then the social-cultural study belongs to the macroscopic level; and j ust as J. Kilpatrick points out in his A History of Research in Mathematics Edu cation , 'R esearchers were taking the social and cultural dimensions o f math em atics ed ucatio n more seriously. ' (1992, p. 30) 2. From the philosophy of mathematics to mathematics education Research in the above three directions as a whole repre sent s a new conception of mathematics education, whose kernel is new ideas about the questions 'what is mathematics' and 'what it means to know mathematics'. At ju st these points, we can see clearly the important influence exerted by philosophy of mathematics on mathematics education.
To explicate. philosophy of mathematics had for a long time been under the tradition of 'foundational studies '. The common position for all the main schools in the study of mathematics foundations, i.e, logici sm, intuitioni sm and formalism, took mathematics as a body of mathematical knowledge, and it was hoped that, by the logical analysis of the inner structures of mathematical knowledge. they could lay a finn foundation for mathematics so that the problem of the soundness of mathematics could be solved forever.
The res earc hers of the abov e three schools had produced many important results. As far as their fin al aims were conce rned, ho wever, they all failed , and as time passed , a big defici ency of the found ation al studies has become clear, i.e, it deviates tenibly from actual mathematical activities. So, after the period of the 'the golden age ' (about 1890-1940) , the st udy of the philosophy of mathematics stagnated.
In the sixties, mainly under the influence of the philosophy of science , some new phenomena appeared in the field of philosophy of mathematics, which in turn represented a transition of the basic positions. The new position was that mathematics should be mainly regarded as creative activiti es of human beings rather than a specific body of fixed math ematical knowl edge. Thus, in comparison with the traditional view of mathemati cs, the new conception-which may be called ' the human view of mathematics'-contains the following changes:
First, the new view emphasizes the development of mathematics: as creative activities of human beings, mathematics is not some thing static and fossilized but has been changing all the time and will keep on changing in the fu ture. Particularl y, as daily math ematical activities are concerned, they are ne cessaril y complicated pro ce sse s incl udin g conjectures, errors and tests.
Second, the developme nt of mathematics is not only a process of accu mulation but also incl udes qu alit ative ch anges. Th at is, there are also revolutions in mathematics.
Thi rd , the human view of ma thema tics also confirms that mathematics consists of meaningful activities, so that it should not be identified as the mechanical manipulation of meaningless symbols.
As the human view of mathematics represents a big transition of basic idea s, it has also opened new directions for the study of the philosophy of mathematics.
For example, there is firs tly the social-c ultural approach to ma thematics. To be con crete, mathema ticians in modern society are all working in some social envi ronment, and therefore are, in fact, members of 'mathemat ical communities'. In fact, the working aim for most mathematicians is to get mathem a tical sta te me n ts which are repre sentabl e by the language uniformly accepted
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by the community, and are resolutions to those problems unifonnly regarded as important or significant by the community, and are based on arguments or methods uniformly accepted by the community. (cf. P. Kitcher, 1984) In fact , such a prescriptive role of the mathematical community based on individual mathematicians is just the concrete manifestation of what might be called 'mathematical culture' (in the level of graduate school and mathematics research).
Furthermore, as mathematical researches are social activities, we can therefore study the impetus and laws for the development of mathematics from a higher level. This is to say, we can transcend an individual's work and take the whole human society as a background for the study of the historical development of mathematics. (cf. R. Wilder, 1981 ) Obviously. such studies denote that philosophy of mathematics has extended from daily mathematical activities to macroscopic studies.
Al so, from the microscopic view, mathematical activities are all mental processes. In particular, the creation of all mathematical concepts is a process of construction. To be concrete, mathematical entities are not objects existing in the empirical world but creati ons of abstraction. Furthermore, in strict research , no matter whether the entities concerned have or do not have empirical backgrounds, we cannot rely on intuition but on deduction from the corresponding definitions. Therefore, the process of mathematical abstraction is, in fact, an activity of as creative activities of human beings, mathematics is not something static and fossilized but has been changing all the time and will keep on changing in the future. con struction. That is, mathematical entities are constructed by the corresponding definitions (inclu ding explicit and implicit definitions), and only by those processes of "logical construction" can the correspon ding mathematical entities be transferred from ' the inner creations of the mind' to 'the ou ter independent existence'. (cf Y. Zheng, 1991 b.) Fu rthermore, because mathematical entities are not objects in the empirical world, the study of mathematical entities must include a process of 're-creation' (in comparison with ' the primary creation' ). That is, people must actually construct the corresponding mathematical entities in the mind, so that what had been 'objectified ' with the aid of language can be transferred back into 'inner elements of the mind'. Putting together the above dis cussion of the modem developments of mathematics education and of the philosophy of mathematics, we can see clearly that it is modem research in the philosophy of mathematics which has offered the important ideological fo undation fo r the new reform movement of mathematics education in the USA. For example, the emphasis on problem solving is obviously a necessary consequenc e of the human view of mathematics. In fact, an important starting the distinct feat ure of the 'new math' was that littl e attention was paid to th e actual cognitive processes, of how hum an beings think about mathematics. point of the new reform movement of mathematics education is ju st the rec ognition that school mathem atics under the old tradition is not 'real mathematics', and the idea of 'foc using on problem solving' in turn is to put students in the same situation as mathematicians. T. Romberg Romberg, 1992, p . 751) Secondly, altho ugh 'constructiv ist ' is a new terminology in the world of mathematics education, 36 it is quite familiar to philosophers of mathematics. Therefore, the 'rise' of the constructivist view on mathematical leaming and teaching can be regarded as an extension or transition from philosophy of mathematics to mathematics education. What should also be noted is that, mathematics educators have found important illuminations for instruction from modern studies of the p hilosophy of mathematics and philosophy of science in general. For example, based on the discussion about scie ntific revolutions, especially about the transition of 'paradigm' in philosophy of science, some mathematics educators suggest that forming 'conceptual conflict' is a requisite and efficient way for pro moting students' mathematical thoughts, especially for the correction of their wrong ideas.
Finally, the social cultural approach to mathematics education obviously corre sponds directly to the social cul tural st udies of mathe ma tics . For example, in correspo ndence with the co ncept of 'mathematical community', mathematics educators have introduced the concept of ' mathematics edu cati on com munity', whic h consis ts of mathematics teachers, mathematics education researchers, directors for mathematics teacher's training, supervisors for mathematics curriculum , makers of policies for mathematics education, designers of mathematics examinations and so on, and the main feature of a mathematics education community is also that all its members share (consciously or unconsciously) somewhat the same conception of mathematics education.
In addition to the above discussion, what should be noted is that we can analyze the relationship between the philosophy of ma thematics and mathematics education in a more general sense. For ex ample, the tradition al conception of mathematics education reflects to a great extent the ' absolute view of mathematics' (we should also see the influence of mechanism here). Besides, it is the foundational study mentioned above that offers the necessary ideological foundation for the 'new math movement', which was seen throughout all the western countries during the sixties . In fact, the distinct feature of the 'new math' was the emphasis on the logical structures of mathematical knowledge and little attention was paid to the actual cognitive processes, of how human beings think about mathematics. We can See here very clearly the influence of the ' foundadonists' . The French mathematician R. Thorn, while commenting on ' new math' . clearly raised the following question: "'Modern" Mathe mat ic s: an Educat ional and Phi losophical Error?' And as an answe r, he says , for exampl e, 'Set theory....is the essenti al litany inton ed by th ose who advocate the so -called modern math ematic s. Some affirm that the use of set theory permits the entire renovati on of mathematics teach ing and that, th anks to th is change, the average student will be ab le to achieve mastery of the c urri culu m. Needless to say, this is pu re illu sion ...Everything con sidered , the excessive optimism bred by the use of set theory symbol has its roots in a philosophical error.' (Thorn, 1971 , p. 
75)
To summarize, we sho uld definitely confirm that there is an important rel atio nship betwee n the phil oso ph y of math em atic s and ma th em atics ed ucation; and the n, via mathematics ed ucation, philo so phy of mathemati cs will exert great influence o n the future of mathematics.
Towards a philos oph y o f m athemati cs education
The above di scussion shows clearly the important rel a ti on shi p be twe en the p hil o sophy of mathematics and mathematics ed ucation; however, at the same tim e we sho uld not identify the phil osophy of mathematics wit h the theoretical foundation of mat hem atics edu cat ion. In o ther word s, mathematic s ed ucation sho uld have its ow n relatively independent theoretical foundation.
In fact , every subject has its ow n history durin g which it has formed its special field , problems and theories. With thi s view, we ca n see clearly the differen ces between the philosophy of mathematics and the theoretic al fou nda tio n of math ematics education:
On the o ne hand , the philosophy of mathematics, as philosophical ana lysis of mathem atics, has its special problems. In fact , in co mparison wi th those prob lems mentioned above, the onto logy and epistemology of mathematics are of a more basic nat ure. Th e o ntolo g y of mathematics ca n be descri bed as: do mathematical en tities have an independent existence? If the answer is ' yes' , then what kind of existence is it; if the answer is ' no', what is the meaning of mathematics? On the other hand, the ep istemology of mathemat ics is focusing
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on whether mathematical statements are a priori or empirical. The fac t th at the ontology and epistemology o f m ath emati cs have occ upi ed impo rtant po sitions in the philosophy of mathematics is a natural res ult of the speciality of mathematics, e specially i ts abs tr actne ss (the specia lity of mathema tics lies not only in the contents of mathematical abstraction, but also in its degree and method. cf. Y. Zheng, 1991) . And just for this reason, although there have been some new direc tio ns in the fi el d of the philosophy of mathemati cs si nce the six ties, any sy stematic theory in the philosophy of mathematics still has to give definite answers (or detailed analysis) to the ontology and epi stemology of mathematics. In fact, ju st as P. Benacerraf points out in his paper Mathem atical Touh, the difficulty in the study of philosophy of mathematics ju st lies in 'the dilenuna of the onto logy and epis temology of mathematics', This is to say, those theo ries which are satisfactory in the o ntology always have serious deficits in the epi ste mo lo gy ; while the ot hers which are satisfactory in epistemology always have defici ts in the ontolog y. However, all the se di scu ssions do not se em to have imp ortant implications for mathematics education. ( P. Benacerraf 1983) On the other hand, the theoretical foundation of mathem atic s education o bviously sho uld incl ude the following contents:
(1 ) The View of Mathematics. This is the answer to the qu estio n ' what is mathematics'. It sho uld i ncl ude no t on ly ana lys is about the re lation ship be tween objective mathematical knowled ge and the creative activities of the human, but also an explication of the subject (and nature) of mathemati cs, For example, according to the modern view, mathematics should be defined as 't he science of patterns' (cf L. Steen, 1988 and Y. Z heng, 1991 ) , and this definition seems to be a confirma tion of the du ality of mathematic s, i.e., it is both descriptiv e and prescriptive.
(2) Th e Anal ysi s of the Nature or Math em ati cal L earning. Differing from the study of epistemology in t he ph ilosophy of mathemat ics, the final ai m of the analysis of mathemat ical learni ng is not to get a definite conclusion abou t the a priori and empirical nature of mathematical state ments but rather to study the ac tu al information process of the mind and exp lic at e it s implication s for mathematics edu cation . T herefore, the key question here is whether mathematics learning is a process of ' transmission of information' centering on teachers or an activity of di scovery (re-creation) by students. Besides, from the social-cultural view, there is also the question whether mathem atics education is an isolated activity or an organic pan of the whole cultural system of the human.
(3) The Aim of Mathematics Education. As a consciou s act ivit y of hum ans, mathematics education has its definite aim which should reflect the features of the time, i.e., it should meet the needs of the time and reflect the advance of science and technology. Particularly, we should analyze carefully the great influ ence on math ematics educ ation exerted by the transition from the industrial age to the information age and the rapid devel opment of compu ter technology. For example, as the information age is in some sense 'th e age of mathematizing' , the development of the society has made a higher standard for every student an historical necessity for mathemati cs education (cf. NRC. 1990 NRC. . 1991 . In addition, the rapid development of computer technology has not only offered efficient tools but also opened a new prospect for mathematics education. For example, with the help of computers, people can really be freed from the influence of the tradition al conception of mathem atics educa tion that emphasizes ver y ro utine skills, and th en concentrate on the promo tion of the students' ability in problem-solving.
By the above discussion, we can now see clearly that there are both some important relationship and differences between the philosophy of mathematics and the theoretical foundati on of mathematics education. What is more , it is obviou s that we should also differentiate naive conceptions of mathematics education from systematic theories. Therefore, there is a deep need to introduce the concept 'philosophy of mathematics education'. To be explicit, philosophy of mathematics edu cation co nsists mainly of the following contents: the view of mathematics, the analysis of the nature of mathematics learning (and teaching), and the aim of mathe matics education; and as a whole it forms the theoretical foundation for mathematics education.
To make thing s clearer, we are going to make a brief introduction and co mment on the most popular view of mathema tics education in China. According to this view, the theory of mathematics education mainly consists of the followin g three pans: the theory of mathematics curriculum, the theory of mathematic s teaching, and the theory of mathematics learning. 'The theoretical foundations of the theory of mathematics education include the foll owin g subjects: d ialectica l materiali sm (phil o soph y ) , ma th em atic s , educ ation , psychology, logic, and com puter science: (Cao Cal-han. 1989 However. we now know clearly that the analysis of the theoretical fo undations of mathematics education should no t be limited to listi ng all the relevan t subjects; instead, we should se t up its own theoretica l found ation. i. e.
• the p hilosophy o f mathematics education . Therefore, we ar e, in fac t, introd ucin g the fo llo w in g new th eo retica l framework for ma the ma tics ed uca tio n ( in wh ic h we have al so made so me imp ro vement and extension of th e co nte nts o f th e theory of mathematics education; however, it goes beyond the topic of thi s paper), as shown above.
Fina ll y , w ha t should be emp hasiz ed is that , al though there is already some preliminary work in this direction (c.f., P. Ernest, 1990) , philosophy of mathematics education is still a new field waiting for fu rth er s tud ies. We can see by the above discu ssion that the fou nd ing of a systematic theory o f philosop hy of mathe matic s edu cation need s cooper ation be tween philosophers and educators . Actually, the mo st imp ortan t thing is to introspect one's own co ncep t of mathemati cs ed ucation, so as to tran sfer fro m the old, back ward co nce ption to the advan ced a nd sc ien ti fic concep tio n of mathem atic s edu ca tio n. In fa ct, just as Everybody Cou nts, which is anothe r im portant document for the new reform of mathematics educatio n in the USA, po ints o ut, the followi ng transition s ' w ill dom inate the process o f c hange during the remainder of this century': Th ese tran sitions, of co urse. can not be carried out spon taneo us ly in practice; just the opposite, ' naive ness ' in philosophy (one frequent fonn of 'naiven e ss ' is the ignori ng of philosophy) always lead s people to become slaves of some 'modem'. but a t the sa me time 'bad' philosophy. For example, what is called 'the radical constructivist view ', which seems to be a 'modern fashion' in the world o f mathe ma tics education in the USA, is, in fact, a revision of intuitionism in the philosophy of mathem atics. And as intu itionism necessarily leads to mathematical m ysticism' and 'mathematical solipsism ' by its den ial of the representability and objecti vity of mathematics, this philosophical view has already been widely criticized. Obviously, it shows more clearly the imp ortance of the study of philosop hy of mathematics education; and it in turn can also be regarded as an impetus for mathematics educat io n to th e further development of the philosophy of mat hemati c s and philosophy in gener al.
No. 2. .
Poems by Lee Goldstein
Plighted Symbolism
Through the credential nonverbality Are theorems of that that is of the not benamed abstraction, And where the verbality, thence the symbolism seems may be to willing, While the masters of the symbolism Know that unwillingness and yet can act them; For the locus of what is not benamed Bodes mathematical, And such constructivism is believed In this very alterity.
1993
The Imagination
The infiniteth inbeing of desire expressed objectively , For instance, 'the set of all sets which do not include themselves', Implies an ineluctable phenomenon That precludes mental escape, Unless there is admitted the glamourous search Of the not at the object, Bur of a living, instead, past the paradoxes implicit in desired (or undesired) objects Where truthful objectedness arises, identically, Only upon a nonce imagination of the "things ideal." 1993 4/
